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ABSTRACT

This paper deals with structural and mechanical systems that can be modeled as
single-degree-of-freedom oscillators, the knowledge of whose mass, damping, and
stiffness parameters is uncertain. In conformity with usual engineering practice, it is
assumed that knowledge of only the upper and lower limits within which these
uncertain parameters lie is available. Excitations generated by a) external forces such
as wind loads, and b) base accelerations such as those caused by strong earthquake
ground shaking are both considered. The statistics of the response of such systems are
obtained for the following three types of excitations.

1) Harmonic excitations, yielding the statistics of the transfer function of the
system. Here it is shown that Monte Carlo simulations require large sample sizes
to obtain results close to those analytically deduced.

2) Deterministic time histories of excitation, yielding the statistics of the transient
response of the system. This is done by Fourier decomposition using the transfer
function results obtained above.

3) Random stationary excitations, yielding the statistics of the power spectral
density of the response.

Thus the paper presents the results of the response of a “random system” subjected to
harmonic excitations, deterministic transient excitations, and random stationary exci-
tations.

I. INTRODUCTION

In paper I we obtained the density functions for the important properties
of interest of a single-degree-of-freedom oscillatory system whose mass,
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stiffness, and damping parameters are uncertain. In this paper we shall deal
with the determination of the expected response and the time-dependent
variance of the response of such a random oscillatory system subjected to
dynamic loads. The same notation will be used for the various entities as in
paper L.

We begin by obtaining the expected value and the variance of the transfer
function of the random system. We shall limit our derivations, for the sake of
simplicity, to the situation where the parameters m, k, and ¢ are truncated,
uniformly distributed random variables. This situation is perhaps the one that
occurs most commonly in engineering practice, for truncated Gaussian
distributions, as shown in [1], are maximally unpresumptive when estimates
of the variances of the uncertain parameters are available. These variance
estimates in many practical engineering problems may be hard to obtain, and
would be generally unreliable, at best. The expected value and variance of
the amplitude and phase of the transfer function are obtained in closed form,
together with closedform expressions for the probability distributions of
these quantities at any frequency.

The statistics of the system response to various types of loading environ-
ments are next investigated. The forced vibration response of the undamped
system to deterministic (or random) initial conditions is obtained. The
response statistics for transient deterministically known excitations as well as
random stationary excitations are also provided. Base excitation (as occurs
during an earthquake) as well as forced excitation of the system are consid-
ered in each case. Closed-form results for several of these quantities are
obtained for the first time.

II. TRANSFER-FUNCTION STATISTICS

Consider the system described by

mi+c¢+kx=d(t),

x(0) = %, 2(0) = v, (D)

when the parameters m, k, and ¢ are known to be in the ranges m, to m,,
k, to k,, and ¢, to c,, respectively. We note that for a base acceleration
Z(t), Equation (1) represents the response of the oscillator relative to its base,
and d(¢)= — mZ(t). Thus even for a deterministic base motion, Equation (1)
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represents the response of a random system subjected to a loading time
history which is scaled by a random variable. Taking Fourier transforms on
both sides of Equation (1), we get

X(w) = H(w)[D(w)+ mo, + x4(c +iwm)], (2)

where

XMFI‘WUMt i=y—1,
’ 3)

H(w)=(k-mo®+icw)”

The transfer function for the two cases when d(t) is an externally applied
force and when d(t)= — mz(¢) are then obtained by the relations

X (w)=(k-ma®+icw) “'D(w) = H{(w)D(w),
(4)
X (w)= —m(k—mw®+icw) 'Z(w)=H,(w)Z(w),

where the subscripts stand for external forcing and earthquake excitation.
The transfer functions H (w) and H{w) are related by H(w) = — mH{w).
The expected values of the transfer functions then become

qum_wﬁﬁfg o) dedmdk (5)

¢; Ym,
with

V={(cy—c; (kg —k;)(mg—m,). (6)

The integral in Equation (34) can be evaluated in closed form to give

2 2
Z Z 8s‘ss, ef(ms’ks’ s,) . (7)

i

B[, (o)) = 5

s

$ M
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Here we use the following notation:

~1)?""" when p#q#r.

(
= 8
PaT 0 when any two indices are the same. ®
— y?-
him,k;, c)= - [—é—(%nswz +ic;w + k,.)lny
yz( . o ~
“ 4mw* +5ic,w +5ki) . w#E, (9)
— i y2 s ‘
hf(ms,kj,(:,)=jz—w-§ 5 Y Iny |, w# 0, (10)
y=kl.—msw2+iwcl, (11)
Iny =In|y|+ if, 0<8<27. (12)
Also,
E[H((O)] =(my+m,)In(k, /k,) (9a)
and
1 .
E[H/(0)] = 7 Inlkz/ky). (10a)

The expected value of the amplitude of the transfer function may now be
expressed for uniform density as

| dmdkdc
E[IH ()| 2E[Af )] == ["[* . - (13)
[ ] [ ] V.}(,l .[kl ,/,;‘1 \/r(k—mwz)2+(cw)“
where V is defined in (6). After some algebra, this can be written as
2 2 2 ]
E[Af(w)] =Yy ¥y ¥ Vesis,naf(ms,-’ k, . ¢, ) (14)
si=ls;=1 s;=1
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where
1
ap(mg,k; c)= 2—0)3{q1/p2+q2_pzln(q+\/p2+q2~)}
i~ (p), ©#0, (15)
w q
with
p==(kj—msw2) and g =c0. (16)
For w =0,
E[|Hf|] =(ky— kl)—lln(k2/kl)‘ (17)

The expression for E [A%r] can also be obtained again after integration as

1

.‘; sss,bf(m k s,) (18)

i|Ml°
M

E[A]=Zij

Il

St

where V and ¢__, are defined by (6) and (8), and

pqr

p 1 9 q

bf(ms, ],c,)=5tan 1(;)+Egln(p2+q2)
p l)n+l
= X
0)

,.=1(2n—1)(p)2n“1’ w#0, (19)

with p and g defined by Equation (16).
For w =20,

E[AZ] =1/kk,. (20)

For base excitation, the closedform expansion for the expected value of the
amplitude of the transfer function becomes

2 1
E[|H(w)]] 2E[A (@)] = 2—:1 Ve ss,S’ae(msi,ksj,csl), (21)

N?Mm
T M

1s=1
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where
3p
a, (mg, k],(:,)-——[g;; 2— [qr+p Inr|
2 P ;
PPl p*  m|la Py
o —sinh"(—,ﬂn(w)
w |20 W ||p q pb
plL oy lyay o ay g
- — ~ln(———)——(~ sinh 1(—)--' —yp*+q>
2w’ | 6 Ip| 3\p, ' 6 p-
w# 0. (22)
The quantities p and ¢ are as defined before, and
r=q+ip’+q (23)
For w =20,
m, + mg (kg |
ElA | = — . 24
A= s g ™ kl,) (24)
Also,
2 2 2 11
E[2w)]=F¥ ¥ ¥ ;)7;&s,.g,bp(mv,,’\xl,('s,)v (25)
\}:l.\‘l=ls,=l
where
2 3 2 2, = 2
Y7 XY Xz +Txy,z — 8y
b(m, k. c)=|—~-—|l 1+( ’) + ; !
Amy, kjoe) [ 2 1 ]n[ 5 18
xs—y] 1 ;[v,.‘
+( = )(2x 5x,y,+11y?) tan ‘\x\—y]-,
2 _ ; R BT
Y5 tan ! X yj)__(xs Y; )
2 ) 3
%1 X, -y
X/[—tan 1( ])da, w#0,

(26)
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where

x, =muw®, y;=k;, and z,=c. (27

j’
For w=0,

1

E[4(0)] =2

(m2l +mm, + mg)

kikg

(28)

Let us obtain some physical insight into the results analytically obtained
thus far. Consider a box containing a large number of oscillators each having
its mass lying at random between m, and my, its stiffness between k, and
k,, and its damping between ¢, and c,. Each oscillator with mass m,,
stiffness k ;, and damping c, can be represented by a point in a three-dimen-
sional parameter space with coordinates m;, k., and c,. The entire ensemble
of oscillators is thus represented by the box shown in Figure 1(a). Were we to
plot the amplitude of the transfer function (either A, or A ;) corresponding to
an arbitrary point (m;, k;,c;) contained in this box, we would obtain the
function shown by the dashed line in Figure 1(b). In fact, to each point in the
box would correspond a particular oscillatory system, and a corresponding
curve in Figure 1(b). The average over all such curves at a frequency w will
then give the expected value of the transfer-function amplitude at that
frequency. It is this that the expressions (13) and (17) provide. The variance
of the transfer-function amplitude at a frequency w can be interpreted in a
similar fashion.

We thus note that while the amplitude of the transfer function of an
undamped oscillator is unbounded at the natural frequency w, of the system,
the expected value of the corresponding amplitude of a random system is
bounded. This is because of the averaging process indicated pictorially in
Figure 1(b). In fact, the expected value of the response of a SDOF undamped
system, whose mass and stiffness are random variables, to given initial
conditions can be expressed as

sin wt

E[x(t)] =E|x,coswt + v, , (29)
©

where x, and v, are the initial displacement and the initial velocity,
respectively, and the expectation is to be taken over the distribution of w, the
undamped natural frequency. For m and k uniformly distributed, the p.d.f.
of w is given by Equation (7) in [1]. Performing the integration over the
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range of w, Iy, over which p(w) # 0, closed-form expressions for E[x(¢)] and
E[x%(t)] can be easily found (see Appendix). In fact,

E[x(t)] =o(1) (30)

t

and

2

E[x2(t)]=%§[flp—‘(;—)dw]+%+o(%). (31)

The generalization to the case where the initial conditions are also random
can be easily made by replacing x3 and o with E[x?] and E[v?], provided
that the variables x,, v,, m, and k are independent. Thus, the expected
value of the impulse response of the random system dies down as 1 /¢, while
the variance tends to a constant as ¢ = c0. Since the transfer function is the
Fourier transform of the impulse response, the amplitude of the transfer
function therefore remains bounded at all frequencies.

The analytical results in the Appendix are plotted in Figure 2, which
shows the expected response E[x(t)] for an undamped system with m, =1,
ko =100, 7, = 0.05, and 7, = 0.15 for two different initial conditions [1]. The
response x°(t) of the system with the mean properties (mg, k) is also
shown. The lo response band on either side of the expected response is
indicated. Figure 2(a) gives the response for a case when the initial velocity
v, = 1. Figure 2(b) gives the response for an initial displacement x, = 1. The
analytically obtained responses are compared with Monte Carlo simulations.
We note that as t — co, E[x(t)] = 0 and Var[x(¢)] — constant.

The expressions (13)—(28) used here are in terms of the parameters m,,
mgy, k,, ky, ¢, and ¢, for ease of application to practical engineering
problems. However, Equation (5) can be expressed in nondimensional form
as

1 Ltng fl+mg fl+m dadBdy
k,E[A,] = g
0 [ f] 81711’21’3./;_"3 '/;_712 '/l'—ﬂl [((X—BQ2)2+(2£OYQ)2]1/2 ( )

where 71,, n,, 15 are the scatters in our knowledge of m, k, and ¢ as defined
by Equations (5) and (21) of Reference [1], and Q = w/w, with w, being the
natural undamped frequency of the system with the mean properties (see
Equations (5) and (6) of Reference [1]). The expected value of the nondimen-
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sional transfer-function amplitude is therefore only dependent on £, the
percentage of critical damping corresponding to the system with the mean
properties, and on the dimensionless scatters 7,, 1,, and 7,. A similar
argument can be made for base excitation, where the corresponding quantity
would be W2E[A ]

Figures 3(a) and (b) show plots of the dimensionless transfer-function
amplitude for an oscillator subjected to a harmonic excitation. The uncer-
tainty levels are consistent with what one generally experiences in the
analysis of tall buildings. The dashed line indicates the transfer-function
amplitude k,A% corresponding to the system with the mean parameter
values my, ¢, k, and the thick solid line indicates E[k,A ], for which the
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results from Equations (14)—(16) are used. Using the expression for E[A%]
from Equations (18)—(20), the variance at each frequency w/w, is analyti-
cally obtained. The figure shows the 1o band thus obtained, plotted above
the mean at each frequency. The results are verified by Monte Carlo
simulation using a sample size of 20,000. Good agreement with the analytical
results is observed. Figure 3(b) shows the effect of £, on the expected value
and the variance of the amplitude of the transfer function, while keeping the
scatters 7,, 1,, and 7, the same.

Figures 4(a), (b), and (c) show the separate effects of uncertainties in m, k,
and ¢ on the transfer-function amplitude. We note that the variability in the
mass and stiffness parameters [Figures 4(a) and (b)] causes the curve for
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koE[A[] to be in general flatter and broader than that for A'. Around
w = @, the expected-value curve is lower than A9, while at frequencies away
from w, it is higher than A%, as could have been anticipated in the light of
the interpretation in Figure 1(b). Again, the analytically obtained results for
mean and variance agree well with Monte Carlo simulations. The influence of
variability in the damping parameter ¢ is indicated in Figure 4(c). We note



Response of Uncertain Dynamic Systems. 11 163

that the ko E[A /] curve is not as skewed towards the lower frequencies as in
Figures 4(a) and (b) and that it is higher than the A} curve.

Figures 5 and 6 show the results for the transfer function corresponding to
earthquake loading. For the parameters chosen, most of the curves show
generally the same qualitative behavior as those of Figures 3 and 4; the
curves in Figure 4(c), however, are quite different from those of 6(a). This
illustrates the effect of the variability of the inertia forces, a consequence of
uncertainty in the system’s mass as it enters on the right-hand side of
Equation (1).

The analytically obtained 1o bands provide only an intuitive impression of
the scatter of the transfer-function amplitudes at any particular frequency.
They do not indicate the probability enclosed by the lo bands at any
frequency. It is therefore more informative to obtain the p.df. of the
transfer-function amplitude at any frequency. For the case of an externally
applied loading, the p.d.f. of A, can be obtained, after considerable algebra,
as

2

y
Pa, a(x) = YT
a— B Y2 — x2’32
fk/ko(a)fm/mo( e )fc/co( 22E.0Q dadp
. [ *n 0
<) ReTS » (33)
B Yoy, Y —x B

where y2=(1-Q2)2+4£202 Q= w/w,,
a;, = max[(1—n,),(1-n,)Q2+ 8], a,=min[(1+n,),(1+n,)Q%+ 8],

- [2) (2]

The p.d.f. of A, can be shown, after some manipulations, to be

_ [Bu [ Bzfm/m(,(ﬂ)fk/ko(a"' Qzﬁ)
pAe/A‘l(x) = '/I;L j;L 2£092x2 lyzﬁz — x22

v282 — 122

Xf;/co(—m—— dadp (35)
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with

1
a; =max[1 -, — BQ%, — *}.

X

1
1+n, — BQ2, —

X

: (36)

ay, = min

B =(1-mn,), B, =(1+mn,).

Figure 7 shows the p.d.f. of the amplitudes of the transfer functions at the
dimensionless frequencies w/w, = 0.9, 1, and 1.1. The p.d.£’s in Figures 7(a),
(b), and (c) correspond to the curves of Figure 3(a), while those in 7(e), (f)
and (g) correspond to the curves in 3(b). The amplitudes are normalized with
respect to the amplitudes of the mean system, A%, at those frequencies. The
means of the distributions are indicated by the solid lines. The distributions
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are seen to vary widely with frequency. The probabilities of the amplitudes
lying in the lo band around the mean are also shown. We note that for the
parameters chosen, the probability of having the normalized amplitude in the
lo interval below the mean is at least twice that of having it in the lo
interval above. The p.d.f’s are greatly influenced by the value of £,. For
£, =2.5% we have a bimodal distribution at w/w,=1 [Figure 7(b)]. The
corresponding distribution for £, = 5% shown in Figure 7(e) is unimodal.
Monte Carlo simulations were done to verify these analytically obtained
distributions. The sample size needed to come close to the analytical results
was found to exceed 100,000. A typical Monte Carlo simulation result is
shown superposed on the analytical result in Figure 7(b).
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Figures 8, 9, and 10 show the distributions of the normalized amplitude
Ag /Aof for the parameters corresponding to Figures 4(a), (b), and (c), respec-
tively. From these figures we observe qualitatively different effects that
uncertainties in mass and stiffness have on the one hand, and uncertainties in
damping have on the other, on the amplitude of the transfer function of the
random system in the vicinity of w/w,=1. The uncertainty in damping
creates a distribution with a long tail, implying that amplitudes higher than
AYw/w,=1) are likely. In fact, for the parameters chosen, the lo band
above the mean captures a probability of about 0.2 (Figure 10). The
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corresponding distributions for uncertainties in m and k, however, show that
the probability of the normalized amplitude of the transfer function, A,/AY,
being greater than unity is negligibly small [Figures 8(b) and 9(b)]. The value
of A% at w/w, =1 is thus an upper bound on the value of the amplitude A f
for the random system at that frequency. The reason for this is as follows:
Consider the expression for the amplitude of the transfer function [look at the
integrand in Equation (13)]. At = w,, the parameters k =k, and m = m,
cause the first bracket under the radical sign in Equation (13) to be zero.
With w = «,, any other values of k and m cause that bracket to be nonzero
and consequently the amplitude to be less than Aof.
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The phases of the transfer functions H, {w) are given by

¢ = tan’ ‘(—L~) {37)

k—mw

The expected value of the phase angle then becomes, for w # 0.

Q(w)éE[‘b(w)] = 8%&',-.5’,4’(1115,‘k\‘“("\[)’ (38)

1

<l =
e
e

3
>
1s;=1«

] ) i

I

St

where £ and V are defined in (6) and (8), and

pqr

4w h

1 . Qo
Yimg, kje) = *F[iabg—?b"‘tan 1(7)

b a” |
~ 2b(a?*+ b*)tan" ‘( - ) + a( 5 b* ) In(a*+ b*)| (39)
Y (l 4 b ' B
with @ =k, — m* and b = cyw. Clearly.
®(0) = 0. (40)

As with the amplitudes of the transfer function, it is easy to show that the
p.d.f. of the phase angle at the dimensionless frequency @ £ & /w, is depen-
dent only on the scatters 1, 75, and 7, in the values of m, k, and ¢ and on
the percentage of critical damping, £, of the system with the mean proper-
ties my, k, and c,.

Figures 11 and 12 show the expected value of the phase ® of the
uncertain dynamic systems corresponding to those of Figures 3 and 4 (and 5
and 6). The phases for the system with the mean properties ¢” are also
shown. The p.d.f. for the phase angle can be obtained as

ﬁ,,/¢(v(<$) =¢(1+ tanzq;)

B, [ B a——,B Btanqg
X'/ﬁ -/;l' 2§093ﬁn/mn( 92 )f;r/(‘,,( 2&09 ’

1.

fk/k(,(a)d“dﬁ,

(41)
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where

a; = max[(l -n,),8+(1- 771)92], a, = min[1+ M., B+(1+ 771)92],

5 2£,82
BL=maxl—n2-—(1+nl)Q,(l—n3) ~ |
tan¢

2£,0 ]

=min|1+n,— (1—19,)Q%(1+ <
B.. mln[ N2 ( 771) ( n3)tan¢

é=(ddy). (42)
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The p.d.f’s of the phase of the random systems at specific frequencies
normalized with respect to the phase of the system with the mean properties
at those frequencies are shown in Figures 13 to 16. The density functions are
symmetric for w/w,=1 about their mean values. The 1o bands above and
below the distribution means are also shown. We note that for w/w, # 1, the
probability for the normalized phase to be in the 1o band below the mean
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can be widely different from its probability of lying in the 1o band above the
mean. These probability values are shown in the figures.

IIL.

TRANSIENT RESPONSE

We are now in a position to study the response of the random system
given by Equation (1) when subjected to a transient, though deterministic,

excitation. Assuming that the system starts from rest,

x(t) = El;f_wwH(w)D(w)e“"‘dw,

(43)
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so that
1 e iwt
E[x/(t)] =§—;f_ooE[Hf(w)]D(w)e do. (44)

The relations (7)—(12) explicitly provide E[HAw)]. Similarly, the expected
value of the relative response when the oscillator is subjected to a base
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acceleration Z(t) is

fm E[H,(0)]5(@)e™ do. (45)

e o

1
Elx(t)] =5

where E[H (w)] is obtained from (7) and (9). The autocorrelation R, (), (,)
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of the response then becomes

R(t;,ty) = E[xf(tl)xf(tz)]

= :1‘375f_wwf_wwE[Hf(M)Hf*(wz)]
X D(w;)D*(wy)e! 11«22 dw dw, (46)
and
R,(t,t,) = E[x,(t,)x ()]
1 [+ o) o0
= E‘z’fvwf‘wE[He(‘*h)He*(wz)]

X Z(w;)Z*(wy)e 1172t dw, dw,. (47)

Here we have made use of the fact that x, (t) are real functions of time.

The expressions for E[H, {(w;)H*{w,)], when obtained, can be used in
the inverse double transformation represented by (46) and (47). For w, = w,
= w, we have

E[H, {w)H}(w)] =E[ 42 (v)]. (48)

Closed-form expressions for this expectation are provided in Equations (18)
and (19) for forced excitation, and (25) and (26) for earthquake loading.
Also one can show that for w; # w,,

1
E[Hf(wl)Hf*(‘*’z)] =V_12[Ff(wl)_Ff(_w2)]’ (49)

2
; Esisjsltf(msi’ ks,-’csz)’ (50)

a=w, — w,, (51)

Via= (6= )(1- 2 ka= k) ea = er)mg=my)| ' (52)
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The expression for E[H (w,)H*(w,)] when w,# w, is more difficult to
obtain in closed form. Though it is amenable to further simplification, it is
best left as a double integral as follows:

E[H(w,)HX*(wy)] =F(ky,w,)

= F(ky o) = Flky, —wy)+ Flky, —w,). (53)

where

. 1 Cy ey m- 5 X
b(kj,w)zm'[l fm] ma—icln(k’—nlw +icw ) dmde. (54)

The expressions (49) through (54) can be computed quite accurately and
quickly. For numerical computations, we use the FFT to obtain D(w) or
Z(w), multiply by the analytically obtained values of E[H ()] or E(H Aw)]
given by (7), (9), and (10), and use the FFT again to obtain the inverse
transform of their product. This yields the expected value of the time
response of the system as expressed by (44) and (45). To obtain the variance
of the response as a function of time, we first obtain E[x? ()] by setting
t, = t, in (46) and (47). For details of the use of the one- and two-dimensional
FFTs, we refer the reader to Reference [2]. It should be noted that in the use
of the discrete Fourier transform, great economies can be obtained by
realizing that E[H(w;)H *(w;)] = E[H(w;)H( - w;)].

IV. NUMERICAL EXAMPLE

Consider a structure, subjected to a transient base acceleration Z(t),
modeled by a single-degree-of-freedom system whose parameters m, k, and ¢
are only approximately known [Figure 17(a)]. Say m is believed to lie
somewhere between 0.95 and 1.05, k is believed to lie between 85 and 115,
and ¢ is believed to lie between 0.4 and 1.6. We assume, of course, that these
quantities are provided in the appropriate units. Then the system with the
mean properties defined by the triplet (my, k,, ¢,) is (1,100,1). The un-
damped fundamental frequency w, corresponding to this system is 10
rad /sec, and the percentage of critical damping, £, is 5%. The parameters
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chosen and the levels of uncertainty are consistent with what one often
comes across in structural analysis.

In the absence of any further information, the maximally unpresumptive
distributions will be uniform distributions. The corresponding probability
densities of w,; (the damped natural frequency of vibration of the random
system) and £ (the percentage of critical damping) are obtained from the
analytical results of paper I and are shown in Figures 17(b) and (c).

The relative response of the system to a deterministic transient base
acceleration is shown in Figure 18. The base acceleration is obtained by using
amplitude-modulated white noise [Figure 18(c)]. The solid line in Figure
18(a) represents the expected value of the response, E[x (t)], as obtained by
Equation (45), using the analytical expression for E[ H (w)] from (7) and (9).
The computations are performed using the FFT [Equation (45)]. The vari-
ance of the response is obtained by using Equation (47) with ¢, = t,, where
E[H (w,)H *(w,)] is obtained using the analytical expressions derived. In the
figure is shown the lo band below and above the mean. We note that the
base excitation stops around 6 seconds and the response beyond that consists
of damped forced vibrations of the system. Unlike the undamped case, the
variance tends to zero as t — co. Figure 18(b) shows the response of the
system with the mean properties. Comparing this response with E[x ()]
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[Figure 18(a)], we observe that the expected response of the random system
is of a shorter duration (has greater effective damping, so to say) than the
response of the deterministic system.

Figure 19 shows the response of the random system to an impulsive base
acceleration. The lo band on either side of the expected response is also
indicated. From the magnitudes of the standard deviation of the response, we
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see that the uncertainty in the system parameters could critically affect its
response amplitude and therefore the safety of the structure.

V. RESPONSE TO RANDOM EXCITATION

Consider now a stationary stochastic process y(t) with mean p and

autocorrelation R(7) = E[y(t + 7)y(t)]. Consider the systems defined by

mi + ci+ kxp=y(t),

m&, + Cx, +kx, = —my(t).

(55a)
(55b)
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Their response is

x,,‘f(t)=f7°° h, (a)y(t - a)da, (56)

where h{t) is the impulse response and h(t) = — mh(t).

We shall assume that the random functions y(¢) are generated through a
process independent of those that generate the random variables m, k, and c.
This assumption is generally valid, as the base acceleration or forced excita-
tion is usually not linked to the system parameters. We now need to consider
two sorts of expectations: one, the ensemble average taken at any time ¢ over
the random variables y(t); the other, the average taken over the probability
distributions of the random parameters m, k, and ¢ in parameter space. We
shall denote these expected values as E, and E,, respectively. Thus

E[x, (t)] = f:h[,‘f(a)Es[y(t ~ o)) da. (57)
E[ . (ft)”_f (f(a]E[yt-a)]da (58)

We note that the operators E, and E, commute. We shall denote
E(*)=E_[E[*]]. Thus

E[x, ()] = Mfnyp[h,,‘ {a)] da=pE[H, (0)]. (59)

The expressions for E[H, (0)] are given in (9a) and (10a). Also,

Efx tx ()] = [ 7 b b, Bk
X [y(t, - a)y(t; = B)] dadB,  (60)
so that
Elx, )z (0)] = [ [7 B[k dah (8)]
nyy(t,—thra—B)dadﬁ. (61)

Thus E(x, At))x, Aty)]is a function of 7=t — ¢, and the process x, () is
stationary (in the wide sense).
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Thus given the power spectrum of the input, 5, («), the power spectrum of
the output is obtained by multiplying by E[|H,, j(w)lz], a quantity which was
obtained in closed form through the relations (18)-(20) and (25)-(28). It
should be noted that S corresponds to the autocorrelation function
E {E [x(t)x(t + 7)]}. It may be thought of as the power spectrum of the
output averaged over all possible systems {m; k, ¢,} over the volume of
parameter space that the random system encompasses.

The power spectrum of the random system'’s response when multiplied by
wy can be shown to be dependent on the power spectrum of the input and
the dimensionless parameters &, 1, M4, 15, and w/w,. Figure 20 shows the
power spectrum of the response for the random systems considered in
Figures 5 and 6, respectively, when subjected to a white-noise base accelera-
tion [S, (w)=1]. We note that the expected spectrum of the response is
quite different from that obtained by using a deterministic system with its
mean properties my, ¢,, and k,. The closed-form expressions obtained in
Equations (18)—(20) and (25)—(28) can be used in (63) to yield the expected

power spectrum of the response to any given input spectrum 5, (w).

VI. CONCLUSIONS

In this paper I have investigated the response of an uncertain single-
degree-of-freedom oscillator whose mass, damping, and stiffness parameters
(m, k, and ¢) are only known imprecisely. Using the framework established
in paper I [1], I have used uniform distributions for these three parameters as
being maximally unpresumptive. The response to both base excitations and
forced excitations has been studied.

(1) Closed-form expressions for the statistics of the frequency-dependent
transfer function of such an uncertain system are provided. The statistics of
the normalized transfer functions are shown to depend only on the nondi-
mensional parameters 1,, 1,, and 75 which provide the extent of uncertainty
in our knowledge of the mass, stiffness, and damping parameters, and on £,
the percentage of critical damping for the system with the mean properties.
The effect of uncertainties in the individual parameters m, k, and ¢ on the
statistics of the transfer function are graphically portrayed. Monte Carlo
simulations are used to verify the analytically obtained results.

(2) Using the closedform expressions for the statistics of the transfer
function, the statistics of the response to transient deterministic excitation is
obtained. A numerical example is provided to illustrate the manner in which
the uncertainty in the parameter values of mass, stiffness, and damping map
into the time-varying uncertainty in the system’s response. For levels of
uncertainty which are found in common engineering practice it is shown that
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the response uncertainties may be quite high, making the need for such
analyses important in the design and analysis of critical structures such as
nuclear reactors and spacecraft. The expected response of the system is seen
to be widely different from the response of the system with the mean
properties even for levels of modest uncertainty.

(3) The expected spectrum of the response of the system to stationary
random excitation is obtained in closed form. It is shown that this expected
spectrum could differ substantially from that for the system with the mean
properties for commonly occurring levels of uncertainty met with in engineer-
ing design.

The results presented here are, to the best of my knowledge, new. They
will aid the engineer/scientist in assessing the uncertainties in the response
of such systems and, through that, their safety. The results obtained here are
all the more significant because the levels of uncertainty commonly met with
in actual engineering practice often make the application of perturbation
techniques tenuous at best.

APPENDIX

Using the notation in [1],

sin yt

E[x(t)] =./; (Jcocosyt+v0

)pw(y)dy, (A1)

where p (y) is the p.df. of w, and I is the interval over which p (y) is
nonzero. Integrating by parts, we have

E[x(t)] = ;fl [vocos yt(p(—yyl),dy — x4sin ytp’(y)] dy. (A.2)

Thus, provided [p(y)/y]’ and p’(y) are piecewise integrable functions
over I,

E[x(t)] =0(1/t). (A.3)

For uniformly distributed variables m, k, and ¢, by [1, Equation (7)], I, can
be split into three subintervals I, i = 1,2,3, within each of which p_(y) is of
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the form «¢,w + b, /w*. For 7 < 1, we get, using [1, Equation (7a)],

-1

I = (£ 000> £1190 ) a,= (l+"q)2, b——»—*——(lvn)
1= (1990, €110 1 PRI 1 1 47,00 2
1 ,
Iy = (£,,00, E50090 ), ay,= \ by, =0, (A.4)
Moo

(£qa000 £16%0) L e by ()
If = Wo » Wy )> adz= M) 3T T +n s
3 22Wo> §21%W0 3 4700 1 3 = 1,100, 2
For 5> 1, the intervals I,, i=1,2,3, and the parameters a,. b, i =1.2,3,

can be similarly obtained from [1, Equation 7(b)].
Using (A.3), we have

b, f [.‘3x0 sinyt  4uv,cosyi ‘
[l

where the first term is evaluated between the upper and lower limits I/ and
I!* of each interval I, provided in (A.4).
The E[x2(t)] can similarly be expressed as

x2 o2, ply) X0 p(y)
E[xz(t)]=-22+5" = dy+—;t21 2yt( ; )dy
Q Q !
1 (p(y) |
- Zt‘/lﬂ[x%p’(y) - v(z,( e sin2ytdy. (A.6)

Again, if p(y)/vy% [p(y)/y)’, and [p(y)/y?]’ are piecewise integrable
over I,

E[xZ(t)]Jzﬂ ? ”;y)d +o( | (A7)

For the uniform distribution case we can divide the interval I into
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subintervals. (A.6) then reduces to
I

xg 3.1 1 b,
E[xz(t)]=?0+vgz E(ailny 2_4)
i=1

Ii
3 2 9 I
a;x,cosiyt
+ e —

i=1 1t

3x sin 2yt 3 xg0
+[3 {——Ebi A 4y dy} - 0 0f———cos2ytdy (A.8)

i=1

Should the initial conditions x, and v, be independent random variables
with known means and variances, then the expected response and the
variance of response of the random system to random initial conditions would
be obtained by replacing E[v,] and E[x,] for v, and x, in (A.2) and E[v{]
and E[x2] for v2 and x2 in (A.6) under the presumption that x,, vy, m, and
k are independent.

The author wishes to thank Professor R. Johnson, Department of Mathe-
matics, University of Southemn California, for his help in integrating relations
[5] and [13] and checking relation [25].
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