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This paper provides a simple, novel approach for synchronizing the motions of multiple
“slave” nonlinear mechanical systems by actively controlling them so that they follow the
motion of an independent “master” mechanical system. The multiple slave systems need
not be identical to one another. The method is inspired by recent results in analytical
dynamics, and it leads to the determination of the set of control forces to create such
synchronization between highly nonlinear dynamical systems. No linearizations or ap-
proximations are involved, and the exact control forces needed to synchronize the non-
linear systems are obtained in closed form. The method is applied to the synchronization
of multiple, yet different, chaotic gyroscopes that are required to replicate the motion of
a master gyro, which may have a chaotic or a regular motion. The efficacy of the method
and its simplicity in synchronizing these mechanical systems are illustrated by two nu-
merical examples, the first dealing with a system of three different gyros, the second with
five different ones. �DOI: 10.1115/1.2793132�
Introduction
Gyrodynamics is an area of mechanics that has been of signifi-

ant interest for more than a century to both the scientific and the
ngineering communities. Gyroscopes, from a purely scientific
iewpoint, show many strange and interesting properties, and
rom an engineering viewpoint, they have great utility in the navi-
ation of aircraft, rockets, and spacecraft and in the control of
omplex mechanical systems. It has been known for some time
ow �1–6� that symmetric gyros, when subjected to harmonic ver-
ical base excitations, exhibit a variety of interesting dynamic be-
aviors that can span the range all the way from regular to chaotic
otions. Various investigators have looked at gyro models that

nvolve different types of damping, the most common type being
inear plus cubic �3–5�. Depending on the parameters that describe
hese gyrosystems, they can exhibit fixed points, periodic behav-
or, period doubling behavior, quasiperiodic behavior, and chaotic

otions.
Synchronization of two chaotic systems is an important prob-

em in nonlinear science, and it has received considerable atten-
ion in recent years since it was first carried out by Pecora and
arroll �7� and Lakshmanan and Murali �8�. When one has more

han one gyro operating in a mechanical system, synchronizing
hese gyros so that a master gyro drives a bunch of slave gyros in
uch a manner that the slaves “exactly” replicate the motion of the
aster is a problem of considerable interest both in navigation and

n the transmission of encrypted messages �9�. While many re-
earchers have considered the synchronization of two coupled
haotic systems whose motions may or may not synchronize de-
ending on the coupling between them, in this paper we consider
he synchronization of a set of “slave” mechanical systems that

ay or may not be coupled, each synchronized to the motions of
n independent “master” mechanical system.

The way the synchronization of the motion of two chaotic sys-
ems has been usually achieved—the systems are usually, it ap-
ears, taken to be identical, but starting with different initial
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conditions—is through the application of a control signal �a cou-
pling� to one of them �the slave system�, which is often some
linear or nonlinear function of the difference in the motion be-
tween the master and the slave. The methodology is perhaps best
described as belonging to a kind of generalized feedback control
philosophy. For example, Chen �4� considered two identical cha-
otic gyros, used a variety of such control laws, and showed that
when the feedback gain exceeds a certain value, the slave gyro
synchronizes with the master gyro. The value of this feedback
gain, above which such synchronization occurs, is typically ob-
tained through numerical experimentation �4�. Modern nonlinear
control theory has also been used to look at the gyro synchroni-
zation problem. Here, the system is conceived as an autonomous
set of first order nonlinear differential equations, and the differ-
ence in the response between the master and the slave gyro is
taken to be an error signal. A suitable time-varying control is then
applied to the slave gyro to drive this error signal to zero. Often,
this is done by using feedback linearization; the nonlinear terms in
the equation governing the error signal are eliminated, and then
standard linear feedback control theory is applied �10�. Such strat-
egies, which may be commonly found in the literature, become
difficult, if not impossible, to use when we have many slaves that
may be coupled to one another �not just one� and that need to be
driven to yield the same motions as a single independent master,
and especially so when the dynamical characteristics of these
slaves are not identical with one another and/or with those of the
master gyro. Considering that it is very difficult to exactly repli-
cate the properties of multiple mechanical systems even when
they “seem” identical, it is interesting that the problem of driving
nonidentical slaves using a master that may also be different from
each of the slaves has only recently begun to be broached in the
nonlinear science literature �11,12�.

In this paper, we explore a new and different strategy for syn-
chronizing the response of n nonlinear mechanical systems that is
inspired by some recent advances in analytical dynamics �13�. We
consider a system of n gyros—not necessarily identical—some, or
all, of which may exhibit a chaotic behavior, and we pose the
problem of synchronizing the motion of all the others with, say,
that of the ith gyro �the master�. We frame this in the context of a

tracking control problem, in which the n−1 slave gyros are re-
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uired to exactly track the motion of the master gyro. We then
urther reformulate the tracking problem as a problem of con-
trained motion, where we want the control �constraint� forces to
e such that all the gyros, which are highly nonlinear systems, are
onstrained to have the same motion. We use the explicit closed
orm analytical control given by the fundamental equation �13� to
hen yield the control force that will cause, in a theoretical sense,
xact synchronization of these gyros. We show that this approach
o the synchronization of such gyroscopic systems—and, indeed,
eneral nonidentical, nonlinear mechanical systems—which is
ased on these deeper results from analytical mechanics, has sev-
ral advantages, most important of which are that the control
orces obtained are continuous functions of time and that they can
e found in closed form and hence can be determined simply and
fficaciously. Furthermore, in a sense, the minimum forces that
eed to be exerted to synchronize these nonlinear systems are
btained, and they yield, theoretically speaking, exact synchroni-
ation. As we shall show, of some importance is the fact that the
anner in which synchronization is achieved can be controlled

asily and with little difficulty.
The paper is organized as follows. In Sec. 2, we provide a brief

escription of the equation of motion of a symmetric gyro sub-
ected to a vertical periodic base motion. We use the Lagrangian
pproach and obtain the requisite equations of motion. In Sec. 3,
e present the fundamental equation that provides the explicit

quation of motion for general nonlinear mechanical systems that
re constrained. In Sec. 4 �and in Appendix B�, we apply the
undamental equation to the problem of synchronizing n gyros,
roviding a closed form solution to the determination of the con-
rol forces required to be applied to each of these nonlinear sys-
ems that yields exact synchronization of their motions. In Sec. 5,
e present several numerical results to illustrate the behavior of

he proposed control, and its simplicity and efficacy. In the last
ection, we present our conclusions.

Equation of Motion for the Symmetric Gyro
Consider the symmetric gyro, whose point of support, o, under-

oes a vertical harmonic motion of frequency � and amplitude d0,
s shown in Fig. 1. Using the Euler angles � �nutation�, � �pre-
ession�, and � �spin� �14�, the Lagrangian for the system is given
y �see Appendix A1�

L =
1

2
I��̇2 + �̇2 sin2 �� +

1

2
I3��̇ + �̇ cos ��2 − mrḋ�̇ sin �

− mgr cos � �1�

here m is the mass of the gyro, Iª I1+mr2, I1= I2 is the principal
quatorial moment of inertia through the center of mass �c.m.� of
he gyro, and I3 is the polar moment of inertia about the symmetry
xis. In Fig. 1, the point of support of the gyro is denoted by o, so
hat the moments of inertia about the axes ox and oy are each
qual to I. The dots in Eq. �1� refer to differentiation with respect
o time t. The quantity r denotes the distance along the polar axis
f the c.m. of the gyro from its point of support, and d�t�
d0 sin �t is the time-varying amplitude of the vertical support
otion that has frequency �.
Since � and � are cyclic coordinates, the corresponding angular

omenta p�= I3��̇+ �̇ cos �� and p�= I�̇ sin2 �+ p� cos � are con-

erved. The angular velocities �̇ and �̇ can be eliminated by using
he Routhian �14�,

1We provide the Lagrangian in Appendix A. This is specifically because the La-
rangian given in Ref. �2� is incorrect and, consequently, the equation of motion
btained from it is also invalid. Unfortunately, this error has found its way into the

urrent literature dealing with this topic, as in Refs. �1–5� and Ref. �10�.
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R��, �̇,t� = L − p��̇�p�,p�,�� − p��̇�p�,p�,�� �2�

The equation of motion, which is given by �d /dt���R /��̇�
−�R /��=Fd, then reduces to

I�̈ +
�p� − p� cos ���p� − p� cos ��

I sin3 �
− mgr sin � − mr sin �d̈�t� = Fd

�3�

where Fd is the nonconservative force of damping, which we take

here to be of linear-plus-cubic type �3�, so that Fd=−ĉ�̇− ê�̇3.
Along with previous researchers �2–5�, for simplicity, we only
consider damping related to the � coordinate.

Were we to further assume that p�= p�= p̄ �which permits the
gyro to be in the so-called “sleeping” position, removing the sin-
gularity in Eq. �2��, Eq. �3� can be further simplified to

�̈ + �2 �1 − cos ��2

sin3 �
+ c�̇ + e�̇3 − � sin � = − � sin � sin �t �4�

Under this assumption, Eq. �4� then is the differential equation
that describes the motion of the symmetric gyro, where we have
denoted �= p̄ / I, c= ĉ / I, e= ê / I, �=mgr / I, and �=�2mrd0 / I. The
parameter set P= �� ,� ,c ,e ,� ,�� specifies the physical character-
istics of the gyro and the harmonic vertical motion of the base on
which it is supported. It may be pointed out that no assumption on
the magnitude of the vertical displacement d0 of the base has been
made in arriving at this equation. We note in passing that no
singularity arises in Eq. �4� due to the sin � term in the denomi-
nator in Eq. �4�.

3 Fundamental Equation
This equation deals with the explicit equation of motion for a

mechanical system when the system is constrained to satisfy a set
of consistent constraints. Consider an unconstrained discrete me-
chanical system whose equation of motion is described by the

Fig. 1 Symmetric gyroscope with vertical support excitation
d„t…=d0 sin„�t…
equations
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M�t,q�q̈ = f�q,q̇,t� q�0� = q0 q̇�0� = q̇0 �5�

here M is an n�n symmetric, positive definite matrix, the n
ector q represents the generalized coordinates used to describe
he configuration of the system, and the right hand side is a known
unction of q, q̇, and t. The dots refer to differentiation with re-
pect to time. By unconstrained we mean here that the compo-
ents of the initial velocity q̇0 can be arbitrarily specified. Equa-
ion �5� results from the application of Lagrange’s equations to a

echanical system, or from Newtonian mechanics.
Let this system be subjected to a set of s constraints of the form

h„q�t�… = 0 �6�
hat are satisfied by the initial conditions so that

h�q0� = 0 and ḣ�q0,q̇0� = 0 �7�

ere, h, is an s vector. Differentiating Eq. �6� twice with respect
o time, we obtain the set of matrix equations

A�q,q̇�q̈ = b�q,q̇� �8�

here A is an s�n matrix. The equation of motion of the con-
trained system that satisfies these constraints exactly is then ex-
licitly given by �13�

Mq̈ = f�q,q̇,t� + Fc�q,q̇,t� �9�
here

Fc�q,q̇,t� = M1/2�AM−1/2�+�b − AM−1f� �10�

ere, X+ denotes the Moore–Penrose �MP� inverse of the matrix
�see Ref. 13�. We shall denote the n components of the n vector

c by f i
c, i=1,2 , . . ., n. We notice that the constraint �Eq. �6�� is

ctually implemented as Eq. �8�. In what follows, we shall sup-
ress the arguments of the various quantities unless needed for
larity.

When relations �7� are not satisfied by the initial conditions,
ne could replace the equation set �Eq. �8�� by any other system of
onstraint equations �15� whose solution asymptotically tends to
=0, as t→	. For example, the system of equations

ḧ + �ḣ + �h = 0 �11�

here � and � are diagonal matrices with positive entries, would
ead to h→0 exponentially, as t→	, and could be used by plac-
ng it in the form given in Eq. �8�. It should be pointed out that the
orce Fc given by Eq. �10� minimizes, at each instant of time, the
uantity �Fc�TM−1Fc—the weighted norm of the active control
orce Fc �13�.

The general results obtained in analytical mechanics �see Ref.
13� for more details� are far more extensive than those presented
bove; here, we have particularized them to only cover the present
roblem of interest—synchronization of n nonidentical gyro-
copes �see Ref. �15� for a more extensive treatment�.

Synchronization of n Different Gyros
Consider n different, independent gyros described by the non-

utonomous nonlinear equations,

�̈i = − �i
2 �1 − cos �i�2

sin3 �i
− ci�̇i − ei�̇i

3 + �i sin �i − ��i sin �i�sin �it

i = 1,2, . . . ,n �12a�

ª f i��i, �̇i,t;Pi� i = 1,2, . . . ,n �12b�
ith

�i�t = 0� = �i
0 and �̇i�t = 0� = �̇i

0 i = 1,2, . . . ,n �13�

e have explicitly included the parameter set Pi
��i ,�i ,ci ,ei ,�i ,�i� on the right hand side of Eq. �12b�, indicat-
ng that each of the n symmetric gyros could have different physi-

ournal of Applied Mechanics
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cal characteristics and may be mounted on surfaces that harmoni-
cally vibrate vertically at different frequencies and with different
amplitudes of vibration.

Our aim is to synchronize the motion of all n gyros so that n
−1 of them “follow” the motion of the master gyro. Without any
loss of generality, from here on we shall take the master gyro to be
the first gyro in our set of n gyros and refer to it �the master gyro�
by the subscript 1. Hence, we require

�i�t� = �1�t� i = 2, . . . ,n �14�

where �1�t� is the solution of the nonlinear, nonautonomous dif-
ferential equation given in Eq. �12a� with i=1. We note that the
equation set �Eq. �14�� constitutes a set of n−1 independent con-
ditions. The problem of synchronization can be interpreted as one
of ensuring that the tracking conditions �Eq. �14�� are satisfied by
the gyros whose equations of motion are given by Eqs. �12a� and
�12b�. Alternatively, we think of this problem as one in which Eqs.
�12a�, �12b�, and �13� represent an unconstrained, n degree of
freedom, mechanical system on which the n−1 independent con-
straints �14� are required to be imposed. In fact, we can modify
this set of constraints to include all the sªn�n−1� /2 constraints,

hij�t� = „�i�t� − � j�t�… = 0 ∀ i 
 j i, j � �1,n� �15�

of which �n−1��n−2� /2 are redundant, though all of them are
consistent �11,16�. Enforcing these constraints would make the
motion of all the gyros identical. As mentioned before, among
these s constraints, only �n−1� are independent. Noting that in
general the initial conditions �Eq. �13�� may not satisfy the con-
straints �Eq. �14�� �or, alternatively, Eq. �15��, we further modify
the constraints �Eq. �15�� to

ḧij + �ḣij + khij = 0 ∀ i 
 j i, j � �1,n� �16�

where � and k are positive constants �15�. Since the solution of the
set of s equations given by Eq. �16� satisfies the condition that
hij→0 as t→	, we have asymptotic �and exponential� conver-
gence toward the satisfaction of the constraints �Eq. �15�� and
hence obtain synchronization of the n different gyros.

It is important to point out that by altering the parameters � and
k in Eq. �16�, one can describe different “paths” taken by the
system of gyros toward their eventual synchronization. For sim-
plicity, we have chosen the same constants � and k for each equa-
tion of the set �16�. In general, we could have used different
values of � and k for the different equations in this set �provided
all the equations in the set are consistent with one another�, sig-
nifying our intent to synchronize some of the gyros earlier �in
time� than others since the values of � and k for each of the
equations in the set �16� control the rate and nature of conver-
gence of hij�t� to zero. Even more generally than is shown in the
Eq. �16�, we could have chosen the paths toward synchronization
to be described by any set of consistent second order nonlinear
differential equations that would be globally asymptotic to the
solution hij =0, i
 j, i , j� �1,n�, so that the paths taken by the
different gyros toward synchronization can be controlled pretty
much at will.

Equations �16� can be put in the form of Eq. �8� where the n
vector q= ��1 ,�2 , . . . ,�n�T, so that

Aq̈ = − �Aq̇ − kAq ª b�q,q̇� �17�

where matrix A is an s�n matrix, containing 0’s, 1’s, and −1’s.
For example, when we have four gyros so n=4 and s=6, the 6

�4 matrix A takes the form

MARCH 2008, Vol. 75 / 021011-3
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A = �
1 − 1 0 0

1 0 − 1 0

1 0 0 − 1

0 1 − 1 0

0 1 0 − 1

0 0 1 − 1

� �18�

e note the form of matrix A, which we will use to our advantage
n our subsequent derivations: Each row of A has all its elements
ero, except for two elements, which are 1 and −1. As expected,
nly �n−1� rows of matrix A are linearly independent. Comparing
q. �5� with Eq. �12b�, we see that the matrix M that describes the
nconstrained motion of the mechanical system consisting of n
yros is given by M=In. Also, the n components of the n vector f
n Eq. �5� are given by the f i’s, i=1,2 , . . . ,n defined in Eq. �12b�.
rom Eq. �10�, the explicit generalized control force n vector, Fc,
equired to enforce the constraint set �Eq. �17�� is given by

Fc = A+�b − Af� �19�

here A+ is the MP inverse of matrix A, the s vector b is given in
q. �17�, and the f i given in Eq. �12b� form the n components of

he n vector f. For n=4 and matrix A given in Eq. �18�, we easily
etermine �this can be done using MATLAB or MAPLE�

A+ =
1

4�
1 1 1 0 0 0

− 1 0 0 1 1 0

0 − 1 0 − 1 0 1

0 0 − 1 0 − 1 − 1
� �20�

hich when substituted in relation �19� will yield the explicit
ontrol forces to exactly satisfy the s constraint equations �Eq.
17�� or, alternatively, �Eq. �16��.

Noting Eq. �9�, we then see that the synchronized motion of the
gyros is obtained by providing the generalized control force f i

c

o the ith gyro, where f i
c is the ith component of the n vector Fc

btained explicitly in Eq. �19�. The equations of motion for the
asymptotically� synchronized gyros will then be

�̈i = f i��i, �̇i,t;Pi� + f i
c i = 1,2, . . . ,n �21�

From Eq. �21�, we observe that, in general, f1
c�t��0. Hence,

hough the motion of all the gyros is fully synchronized �asymp-
otically� by subjecting the ith gyro to the control force f i

c, the
ynchronized motion will, in general, not be that of the master
yro, unless f1

c =0. In order to synchronize the motion of the �n
1� slave gyros with the motion of the first �master, i=1� gyro, we

hen need to simply subtract the force f1
c from each component of

he control force n vector Fc determined from Eq. �19�. �The proof
f this statement is somewhat long, and in order not to disturb the
ow of thought, we present it in Appendix B.� The active control
orce needed to be applied to synchronize the remaining n−1
yros with the motion of the first �master� gyro is then given by

Fsyn = Fc − �1�f1
c = �0, f2

c − f1
c, f3

c − f1
c, . . . , fn

c − f1
c�T �22�

here �1� denotes the n�1 column vector each of whose ele-
ents is unity.
We thus obtain the equations of motion of the system of n gyros

s

�̈i = f i��i, �̇i,t;Pi� + f i
syn i = 1,2, . . . ,n �23�

here f i
syn is the ith component of the control force n vector Fsyn

explicitly given in Eq. �22��, which causes the slave gyros to
xactly follow the motion of the master. Note that the first com-
onent of the n vector Fsyn is zero since the first gyro �i=1� is the

aster gyro, so that from Eq. �23�, we have �̈1= f1��1 , �̇1 , t ; P1�.

he nonidentical slave gyros �i=2,3 , . . . ,n� are subjected to the

21011-4 / Vol. 75, MARCH 2008
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last �n−1� components of the generalized control force n vector
Fsyn, which thus enforces exact synchronization of the slave gyros
with the master gyro’s motion.

5 Numerical Examples
In this section, we consider two examples. The first example

deals with the synchronization of three nonidentical gyros, each
with its own physical characteristics. For the parameters chosen to
describe these gyros, each gyro exhibits chaotic dynamics, and the
two slave gyros are required to follow the master’s chaotic mo-
tions. The second example deals with five different gyros, whose
motion is required to be synchronized. One of the four slave gyros
in this set has properties that show regular motion, the others have
properties that show chaotic motions. They are synchronized with
the motion of the master gyro, which in this example is periodic,
though complex.

Example 1. Consider three gyros each described by Eqs. �12a�
and �12b� that need to be synchronized so that they each follow
the motion of the first �master� gyro. Each uncontrolled gyro ex-
hibits a chaotic motion. We shall take these three dynamical sys-
tems to be different from each other, described by the parameter
sets Pi= ��i ,�i ,ci ,ei ,�i ,�i�, i=1,2 ,3, and their dynamics will be

investigated for the initial condition sets ICi= ��i
0 , �̇i

0�, i=1,2 ,3,
given by

P1 = �10,1,0.5,0.03,35.8,2.05� IC1 = ��1
0 = − 0.5, �̇1

0 = 1�
�24�

P2 = �10,1,0.5,0.05,35.5,2� IC2 = ��2
0 = 0.5, �̇2

0 = 1� �25�
and

P3 = �10.5,1,0.5,0.04,38.5,2.1� IC3 = ��3
0 = 1, �̇3

0 = − 0.5�
�26�

The equation of motion �Eq. �12a�� for the ith gyro can be ex-
pressed as a set of three first order autonomous equations given by

�̇i = �i

�̇i = − �i
2 �1 − cos �i�2

sin3 �i
− ci�i − ei�i

3 + �i sin �i − ��i sin �i�sin i

̇i = �i �27�

Each of the gyro systems described by the parameter sets Pi, i
=1,2 ,3, given by Eqs. �24�–�26� is chaotic and has a different
chaotic attractor.

The Lyapunov exponents for each of the dynamical systems are
computed over a time span of 1000 s using the method described
in Ref. �17�. The integration for determining these exponents is
performed using MALTAB ODE45 using a relative error tolerance of
10−9 and an absolute error tolerance of 10−13. The Lyapunov ex-
ponent sets, li, of the three different dynamical systems are com-
puted to be l1	�0.211,−0.896,0�, l2	�0.216,−1.001,0�, and l3
	�0.208,−0.936,0�. The positive value of the largest Lyapunov
exponent in each set indicates that the motions are chaotic for
each of these gyros. Furthermore, the chaotic attractors for each
system are different.

Figure 2 shows plots of ��i , �̇i�, i=1,2 ,3, for 50� t�100 for
the three uncoupled gyros along with a figure �lower right corner�
in which all three plots are superposed. The integration of the
equations of motion throughout this study is carried out using
MATLAB ODE45 with a relative error tolerance of 10−9 and an ab-
solute error tolerance of 10−12. The differences in the responses
between the three gyros, hij�t�=�i�t�−� j�t�, are shown in Fig. 3.

We shall now use the scheme described in Sec. 4 to couple
these gyros and synchronize them, the first gyro being the master.

In this demonstration, the synchronization is done using equation
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et �16� using �=1 and k=2. Since we have three dynamical sys-
ems, the number of constraints for synchronization are given by
=3. Matrix A becomes

A = �1 − 1 0

1 0 − 1

0 1 − 1
� �28�

o that

A+ =
1

3� 1 1 0

− 1 0 1

0 − 1 − 1
� �29�

e note that only two rows of matrix A given in relation �28� are
ndependent, signifying that we have two constraints that are in-

ig. 2 „�i , �̇i… plots showing the dynamics of the three un-
oupled gyros for 50Ï tÏ100. The lower right corner shows
hese plots superposed on one another; the first gyro is shown
ith a solid line, the second with a dashed line, and the third
ith a dashed-dotted line.

ig. 3 The differences in the responses between the three un-
oupled, unsynchronized gyros shown for a duration of 60 s.
12„t…=�1„t…−�2„t… is shown by the solid line, h13„t…=�1„t…−�3„t…

s shown by the dashed line, and h23„t…=�2„t…−�3„t… is shown by

he dashed-dotted line.

ournal of Applied Mechanics
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dependent. The explicit, generalized control forces f i
syn required to

be applied to the slave gyros �i=2,3� are obtained using relations
�17�–�22�. Figure 4�a� shows the time responses for the first 20 s.
of the three uncoupled gyros, and Fig. 4�b� shows their synchro-
nized response, where the latter two gyros �i=2,3� are now slaved
to the first gyro. We observe that the error between the responses
gradually reduces to zero, as required by Eq. �17�.

The plots in the ��i , �̇i� plane, i=1,2 ,3, superposed on one
another for all three gyros are shown in Fig. 5, indicating synchro-
nization of the two slave gyros with the chaotic motion of the
master gyro. The plots are made using the response of each of the
gyros over a 50 s interval of time starting at 50 s. We note that in
this figure, there are three plots that are superimposed on top of
one another.

Fig. 4 „A… First 20 s of the response of the uncoupled gyros
with the master gyro shown with a solid line, the second gyro
shown with a dashed line, and the third gyro shown with a
dashed-dotted line. „B… Synchronization of the gyros showing
the slave gyros following the master „solid line…, as required by
the constraint set „16… with �=1 and k=2.

Fig. 5 Superimposed plots of „�i , �̇i…, i=1,2,3, of the three syn-
chronized gyros for 50Ï tÏ100. The master gyro is a chaotic
system and its Lyapunov exponents †17‡ are l1É ˆ0.211,
−0.896,0‰. Each of the gyros execute the entire motion shown

in the plot.
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The differences in the responses, hij�t�=�i�t�−� j�t�, 50� t
100, between the motions of the three synchronized gyros are

hown in Fig. 6. We notice that this error soon becomes of the
ame order of magnitude as the numerical integration error toler-
nce �10−12�. The exponential convergence of hij�t� toward zero,
s demanded by relation �16�, is obvious. Lastly, we show the
eneralized control forces that need to be applied to the slave
yros �i=2,3� to synchronize their motions with that of the mas-
er. This is shown in Fig. 7 for the entire time segment 0� t

100.
Example 2. We consider here five different gyro systems, and

ur aim is to track the motion of the first gyro �master, with
arameter set P1�, which in this case is a periodic motion, though
onsiderably complex in nature �see Fig. 9�. The four slave gyros
xhibit both regular and chaotic motions when uncontrolled. The

ig. 6 h12„t…=�1„t…−�2„t… „solid line…, h13„t…=�1„t…−�3„t…
dashed line…, and h23„t…=�2„t…−�3„t… „dashed-dotted line… for
0Ï tÏ100. Note the exponential convergence of the hij’s, as
emanded by Eq. „16…, and also the vertical scale, which indi-
ates that the error in synchronization is of the order of the
umerical integration error tolerance, 10−12.

ig. 7 The solid line shows the generalized force f2
syn required

o be applied to second gyro „i=2… to achieve synchronization
ith the motion of the master gyro „i=1…. The dashed line
hows the generalized force f3

syn required to be applied to the

hird gyro „i=3….

21011-6 / Vol. 75, MARCH 2008
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parameter sets Pi= ��i ,�i ,ci ,ei ,�i ,�i�, i=1,2 , . . . ,5, and the ini-
tial condition sets for the dynamical systems are taken to be

P1 = �10.5,1,0.5,0.02,38.7,2.2� IC1 = ��1
0 = − 1, �̇1

0 = 0.5�
�30�

P2 = �10,1,0.5,0.05,35.5,2� IC2 = ��2
0 = 0.5, �̇2

0 = 1� �31�

P3 = �10.5,1,0.5,0.04,38.5,2.1� IC3 = ��3
0 = 1, �̇3

0 = − 0.5�
�32�

P4 = �10,1,0.5,0.03,35.8,2.05� IC4 = ��4
0 = − 0.5, �̇4

0 = 1�
�33�

and

P5 = �10.5,1,0.45,0.045,36,2.05� IC5 = ��5
0 = 0.5, �̇5

0 = 0.5�
�34�

The Lyapunov exponent sets, li, for these five different gyros—
three of which have the same properties as those in Example
1—computed over a time interval of 1000 s, are found to be �17�

l1 	 �− 0.180,− 0.50,0� l2 	 �0.216,− 1.001,0�

l3 	 �0.208,− 0.936,0�

l4 	 �0.211,− 0.896,0� l5 	 �− 0.017,− 0.606,0� �35�
The numerical integration error tolerances for computing the

Lyapunov exponents are identical to those used in the previous
example. From the values of set l1, we see that the master gyro
has a periodic motion, while the slave gyros �i=2,3 ,4 ,5� show a
variety of both chaotic and regular motions. From the largest
Lyapunov exponent, we see that three of the slaves exhibit chaotic
motions, while one shows a periodic motion.

Figure 8 shows the ��i , �̇i�, i=2,3 ,4 ,5 plots for the four slave

Fig. 8 „�i , �̇i…, i=2,3,4,5 plot for 50Ï tÏ100 of the four un-
coupled slave gyro systems showing different dynamical be-
haviors for each gyro. The lower right figure shows the tran-
sient motions of this „i=5… dynamical system, which has not
yet attained its regular periodic behavior. The other three dy-
namical systems „i=2,3,4… exhibit chaotic motions, as indi-
cated by the computed Lyapunov exponents.
gyro systems for 50� t�100. Except for the dynamical system
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i=5� shown in the lower right, the other three slaves exhibit a
haotic behavior, as indicated from the computed Lyapunov num-
ers shown in Eq. �35�.

The synchronized motion—we again choose �=1 and k=2—of
he five systems with the four slaves following the master is
hown in Fig. 9�a�. We see that the tracking during the transient
eriod when the orbit of the master gyro is being attracted to its
table periodic orbit is very well executed by the control. Here,
he uncontrolled motion of the first �master� gyro is first plotted,
nd superimposed on it are plots of the motions of the four slaves
or 50� t�100. The results of the synchronization procedure
hen the integration is extended to 200 s are shown in Fig. 9�b�,
here we have plotted the motions of the five different systems

or 150� t�200. The plots fall exactly on top of each other,

ig. 9 „A… „�i , �̇i…, i=1,2,3,4,5, plot for 50Ï tÏ100 of the five
yro systems superimposed on each other showing that the

our slaves follow the master gyro. As is seen, the motion of
he master is a complex transient motion, which has not yet
eached its stable periodic orbit, which is characterized by the
yapunov exponents l1É ˆ−0.180,−0.50,0‰. „B… „�i , �̇i…, i
1,2,3,4,5, plot for 150Ï tÏ200 of the five gyro systems su-
erimposed on each other showing that the four slaves follow

he master gyro. The master gyro has reached a periodic orbit,
nd the four slaves synchronize with the master’s motion. The
otion of the five gyros is shown superposed on each other.
ndicating synchronization. We notice that the master gyro’s mo-

ournal of Applied Mechanics
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tion has now settled down to being periodic, and the four slaves
follow this periodic, though complex, motion. Note that the figure
shows the motion of all five gyros superposed on one another.

The manner in which the synchronization occurs over time is
illustrated in Fig. 10, where we show the first 20 s. of the motion
of both the uncoupled system and the synchronized system. The
solid line in the two panels denotes the master gyro; the dashed
line, the second gyro; the dashed-dotted line the third gyro; the
dotted line, the fourth gyro; and another solid line, the fifth. From
the lower panel, which shows synchronization with the master
gyro, we can identify the motion of the master in the upper panel.

Figure 11 shows the control forces needed to be applied to the
four slave gyros for synchronization for 0� t�100. The errors in
synchronization, hij�t�=�i�t�−� j�t�, for the time intervals 50� t

Fig. 10 The upper figure shows the motion of the five un-
coupled gyros over the first 20 s. of response. The lower figure
shows the manner in which the synchronization occurs over
time, the five gyros following the motions of the master gyro,
which in turn is asymptotically attracted to a stable periodic
orbit, as shown in Fig. 9„b….

Fig. 11 Control forces required to be applied to the four slave
gyros. The solid line shows the generalized control force on the
second gyro, the dashed line that on the third gyro, the dashed-
dotted line that on the fourth gyro, and the dotted line that on

the fifth gyro.

MARCH 2008, Vol. 75 / 021011-7
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100 and 150� t�200 are shown in Fig. 12, which shows the
ame sort of characteristics, including exponential convergence,
hat were observed earlier in Fig. 6.

Conclusions
In this paper, we have described an analytical dynamics based

pproach to the synchronization of highly nonlinear mechanical
ystems that yields the explicit generalized active control forces
o that a set of slave systems can follow an independent master
echanical system. This paper focuses on gyroscopic

ystems—by way of demonstration—due to their importance in
he guidance and control of airships and spacecraft and in the
ccurate control of complex mechanical systems, such as robotic
nd autonomous systems. While for simplicity, the slave systems
ave been considered to be independent of each other in this pa-
er, the same methodology is applicable to slave systems that may
e linearly or nonlinearly coupled to one another. The main con-
ributions of this paper are the following.

1 The novel strategy used here is to formulate the problem of

ig. 12 „A… The errors hij„t… as functions of time for 50Ï t
100, showing that they exponentially reduce. „B… The errors

ij„t… as functions of time for 150Ï tÏ200. Note the vertical
cales. Errors in synchronization of the motion are less than
he integration error tolerance used.
synchronization of highly nonlinear mechanical systems first

21011-8 / Vol. 75, MARCH 2008
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as a tracking control problem, and then further recast this
tracking control problem as a problem of constrained motion
of nonlinear dynamical systems. We accordingly constrain
the motion of the slave systems to exactly follow the master
system and thereby obtain the exact control forces required
to be applied to the slaves for synchronization with the mas-
ter. The constraint �control� forces that need to be applied for
exact synchronization are determined explicitly and in closed
form using the newly developed general theory of con-
strained motion of nonlinear mechanical systems. The theory
�11,15� that underlies the approach is much broader than
what is required for the specific problem at hand of synchro-
nizing chaotic/regular gyroscopic systems since it is appli-
cable to general nonlinear mechanical systems. This makes
the approach presented here applicable to the synchroniza-
tion of general nonlinear systems.

2 In Sec. 4 and Appendix B, we prove a general result that
hereto appears to be not known, and we use it to develop a
simple, yet powerful, methodology for the synchronization of
complex nonlinear mechanical systems.

3 The method yields control forces for the synchronization of
nonlinear mechanical systems that have the following salient
and beneficial characteristics. The control forces �1� are con-
tinuous in time, �2� are obtained explicitly in closed form so
that they are simple and efficacious to determine, �3� lead,
theoretically speaking, to exact synchronization of the non-
linear mechanical systems, �4� provide, in a sense, the mini-
mum forces that need to be exerted for such synchronization
�18�, and �5� are not found by methods using any approxi-
mations of the nonlinear system.

4 Whereas most such synchronization studies are done with
dynamical systems that are identical, we show that the
method developed here can be used with equal ease and fa-
cility to couple different slave systems—each displaying
varying kinds of regular and chaotic motions. This is impor-
tant because, unlike many electrical systems, multiple copies
of mechanical systems can seldom be built to have identical
dynamical characteristics.

5 We show the efficacy of the methodology by illustrating two
examples. In the first example, two slave gyros with different
dynamical characteristics are synchronized with the motions
of yet another master gyro whose dynamical characteristics
differ from those of both the slaves; the master’s motion is
chaotic. In the second example, we consider five different
gyro systems, some of which have chaotic motions, and we
synchronize them with the stable periodic motions of the
master gyro. While the dynamics of the slave gyros have
been taken for simplicity to be independent of one another in
this paper, the same general methodology works with
coupled slave gyros as well.

6 We observe that while most methods �e.g., Ref. �10�� of syn-
chronization deal with applying control signals to each of the
first order differential equations that describe a mechanical
system’s dynamics �each gyro here can be represented by
three, first order autonomous, nonlinear equations�, the
method proposed here deals directly, and simply, with the
second order nonautonomous Lagrange equations of motion
and obtains in explicit form the generalized control forces
required to synchronize the different mechanical systems.
The control we obtain is continuous in time, unlike what
might be obtained using methods such as sliding mode con-
trol �20�; yet, theoretically speaking, it leads to exact syn-
chronization.

7 Lastly, the approach allows the paths in phase space along
which the synchronization occurs to be easily and accurately
controlled, so that different slaves can be brought into syn-
chronization with the master with varying levels of rapidity,

as desired.
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ppendix A
The Lagrangian in Eq. �1� can be obtained as follows:

1 The kinetic energy �KE� of the symmetrical gyro �Fig. 1�
with respect to the inertial frame of reference OXYZ
= �1 /2�mūc.m. · ūc.m.+KE of rotation about the c.m. of the
gyro. Here, ūc.m. is the velocity of the c.m. of the gyro with
respect to the inertial frame OXYZ. Denoting by x̄c.m. the
position vector of the c.m. of the gyro, we have

x̄c.m. = �r sin � sin ��Ī − �r sin � cos ��J̄ + �r cos � + d�K̄
�A1�

where Ī, J̄, and K̄ are the unit vectors along the inertial
coordinate directions OX, OY, and OZ, respectively. Differ-
entiating Eq. �A1� with respect to time and noting that the
vertical support excitation d�t�=d0 sin �t, we obtain the ve-
locity of the c.m. of the gyro to be

ūc.m. = �r�̇ sin � cos � + r�̇ cos � sin ��Ī + �r�̇ sin � sin �

− r�̇ cos � cos ��J̄ + �ḋ − r�̇ sin ��K̄ �A2�

Hence, ūc.m. · ūc.m. = r2��̇2 + �̇2 sin2 �� + ḋ2 − 2rḋ�̇ sin �

�A3�
The total KE of the gyro �14� is then given by

KE =
1

2
m�r2��̇2 + �̇2 sin2 �� + ḋ2 − 2rḋ�̇ sin ��

+
1

2
I1��̇2 + �̇2 sin2 �� +

1

2
I3��̇ + �̇ cos ��2 �A4�

Here, I1 and I3 refer to the moments of inertia about the
equatorial and polar directions through the c.m. of the sym-
metric gyro. This expression simplifies to

KE =
1

2
I��̇2 + �̇2 sin2 �� +

1

2
I3��̇ + �̇ cos ��2 − mrḋ�̇ sin �

+
1

2
mḋ2 �A5�

where I= �mr2+ I1� is the moment of inertia of the gyro about
an axis through the point of support o, which is parallel to the
principal axis direction that goes through the c.m.

2 The potential energy �PE� of the gyro with respect to the
inertial frame OXYZ is

PE = mgd + mgr cos � �A6�
3 Therefore, the effective Lagrangian—we ignore terms that

are purely functions of time—L=KE−PE, is then

L =
1

2
I��̇2 + �̇2 sin2 �� +

1

2
I3��̇ + �̇ cos ��2 − mrḋ�̇ sin �

− mgr cos � �A7�

ppendix B
We obtain here the explicit control force n vector Fsyn, as given

n Eq. �22�, which is required to be applied to the set of n nonlin-
ar mechanical systems so that the slave systems, i=2,3 , . . . ,n,
ollow the master system, i=1.

We begin with two lemmas.
LEMMA 1. Consider the s�n matrix A of Eq. (17), an instan-

iation of which is provided for n=4 in Eq. (18). Augment matrix
by the n-component row vector
g = �1,0,0, . . . ,0� �B1�

ournal of Applied Mechanics

aded 28 Apr 2008 to 128.125.13.56. Redistribution subject to ASME
to form the �s+1��n matrix

Ã = 
A

g
� �B2�

Then, the row vector

h ª g�In − A+A� �B3�

is simply the n-component row vector �1 /n��1,1 , . . . ,1�. Here, X+

denotes the MP inverse of the matrix X.
Proof. We notice that only �n−1� rows of matrix A are linearly

independent. Hence, A is rank deficient. As shown in Ref. �13�,
the column space of the n�n matrix �In−A+A� is the same as the
null space of matrix A. However, the null space of matrix A has
dimension 1 and consists of n-component column vectors, each of
the form ��1,1 ,1 , . . . ,1�T, where we disallow the value �=0
since it leads to a trivial vector. Thus, the n columns of the n
�n matrix �In−A+A� must be of the form �i�1,1 ,1 , . . . ,1�T, i
=1,2 , . . . ,n, where the constants �i�0, i=1,2 ,3 , . . . ,n, remain
yet to be determined.

However, the matrix �In−A+A� is symmetric since �In

−A+A�T=In− �A+A�T=In− �A+A� �see Ref. �13��. Hence, �1=�2
= ¯ =�n=�. Furthermore, �In−A+A� is idempotent; hence, n�2

=�, which implies that �=1 /n. The matrix �In−A+A� therefore
has identical columns, and every entry in the matrix is 1 /n. Not-
ing Eq. �B1�, the result now follows.

From this proof, it follows that the result of this lemma is true
even when our matrix A has any row dimension r, �n−1��r
�s=n�n−1� /2, provided it always has �n−1� linearly indepen-
dent rows. �

LEMMA 2. The MP generalized inverse of matrix Ã defined in
Eq. (B2) is given by

Ã+ = �VA+ ��1�� �B4�

where �1� is the n-component column vector each of whose com-
ponents is unity, and the n�n matrix

V = �
0 0 . . . . . . . . . 0

− 1

− 1

] In−1

]

− 1

� �B5�

where In−1 is the �n−1�� �n−1� identity matrix.

Proof. Greville �19� gives the MP inverse of a matrix Ã, which
is obtained by augmenting any matrix A with the row g, as

Ã+ = 
A

g
�+

= ��In − h+g�A+ �h+� for h = g�In − A+A� � 0

�B6�

For our specific matrix A and row vector g, the row vector h is
given by Eq. �B3�. The MP inverse of h, namely, h+

= �1,1 , . . . ,1�T
ª �1� �see Ref. �13��. Noting that g

= �1,0 ,0 , . . . ,0�, we have �In−h+g�=V, and the result follows
equation �B6�. �

Main Result
The control force that synchronizes the �n−1� slave gyro sys-

tems to the motion of the first �master, i=1� gyro is given by the
n vector

Fsyn = Fc − �1�f1
c = �0, f2

c − f1
c, f3

c − f1
c, . . . , fn

c − f1
c�T �B7�

where the f i
c’s are defined as in Eqs. �19� and �21�.
Proof. We add to the s constraints given by Eq. �17� the addi-
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ional constraint q̈1ª �̈1= f1��1 , �̇1 , t�= f1�q1 , q̇1 , t�, so that our set
f constraints now becomes

Ãq̈ = 
A

g
�q̈ = 
 b�q,q̇�

f1�q1, q̇1,t�
�ª b̃�q,q̇,t� �B8�

nstead, where the column vector b is the same as that in Eq. �17�,
is the row vector defined in Eq. �B1�, and Ã is now an �s+1�
n matrix. The last constraint simply enforces the condition that

he motion of the master gyro is not to be disturbed through the
ddition of any control force applied to it.

The control force that causes these constraints �Eq. �B8�� to be
atisfied is then simply given, like before, by �13�

Fsyn = Ã+�b̃ − Ãf� �B9�

here f= �f1 , f2 , . . . , fn�T. Using Lemma 2 and Eq. �B8�, this can
e rewritten as

Fsyn = Ã+
 b�q,q̇�
f1�q1, q̇1,t�

� − 
A

g
�f�

= Ã+
b − Af

0
� = �VA+ ��1��
b − Af

0
� �B10�

here matrix V is defined in Eq. �B5�.
Since Fc

ª �f1
c , f2

c , f3
c , . . . , fn

c�T=A+�b−Af�, as given in Eq. �19�,
elation �B10� becomes

Fsyn = �VA+ ��1��
b − Af

0
� = VFc �B11�

oting the form of V in Lemma 2, equation �B11� thus reduces to

Fsyn = VFc = �0, f2
c − f1

c, f3
c − f1

c, . . . , fn
c − f1

c�T �B12�
hich is the required result. As expected, there is no control force

equired to be applied to the master gyro because this is the mo-
ion that we are requiring the slave gyros to follow.

It is important to note that from all the control forces F̂syn�t�
hat can be applied to the system to cause synchronization, the
ontrol force Fsyn�t�, which is given explicitly in equation �B12�,
inimizes at each instant of time the quantity �F̂syn�t��TF̂syn�t�

see Ref. �18��. That is, of all the control forces that will cause
ynchronization, Fsyn�t� has, at each instant of time, the smallest
uclidean norm. �
COROLLARY. The result above is valid when we use any r ap-

ropriate and consistent equations, �n−1��r�s=n�n−1� /2 for
ynchronization, of the form

�i�t� = � j�t� i 
 j i, j � �1,n� �B13�

o synchronize the �n−1� nonlinear mechanical systems with the
aster system �i=1�, as long as �n−1� of these equations are
inearly independent.

21011-10 / Vol. 75, MARCH 2008
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Proof. If the conditions of the corollary are satisfied, the rank of
the r�n matrix A is �n−1�, and the null space of A will have
dimension 1. Noting the form of A, the columns of the n�n
matrix �In−A+A� will then each be of the form ��1,1 , . . . ,1�T.
According to Lemma 1 then,

h ª g�In − A+A� = �1/n��1,1, . . . ,1� �B14�

so that, again,

h+ = �1,1, . . . ,1�T
ª �1� �B15�

and the entire argument goes through. �
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